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We propose a new generalized model to describe deformations of the mobile interface
separating two immiscible liquids in a porous medium. The densities and the viscosi-
ties of the fluids can have any value. The horizontal size of the interface is much
greater than the vertical size of the domain. Unlike the classical theory, the new model
describes gravitational non-equilibrium processes, including the Rayleigh–Taylor in-
stability which appears in the form of a negative apparent diffusion parameter. Several
flow regimes are established depending on the ratio between gravity and the elastic
fluid/medium forces, and between the vertical and horizontal flow rates. The model is
used to analyse the evolution of the interface during the free spreading of one liquid
over another. This is characterized by the presence of interface degeneration points.
The explicit solution to the problem of oil and water flow towards a well is presented
as an application to oil reservoirs.

1. Introduction
A pair of immiscible liquids in porous medium is examined. They are assumed to

be separated by a mobile interface which is horizontal in the initial state. The liquids
have different viscosity and density. The vertical size of the domain is assumed to be
small with respect to the horizontal size of the interface (shallow-water model).

Two-phase flow with a mobile interface, which is one of the more complicated
subjects of mathematical analysis, is usually described by a system of partial differ-
ential equations which are valid on either side of the interface, while at the interface
they are bound by some dynamic and kinetic conditions. One of the most important
scientific problems consists in converting such a system into an explicit closed dif-
ferential equation for a selected coordinate of the mobile surface. More generally, if
the interface equation is F(x1, x2, z, t) = 0, or z = h(x1, x2, t), then the problem is to
deduce the closed differential equation for the function F(x1, x2, z, t) or h(x1, x2, t).

In fluid mechanics this can be done for three basic cases. First, there is the case
where the viscous forces can be neglected for both fluids (Whitham 1974), which does
not occur in flow through porous media. Secondly, there is the case where one of two
liquids is not viscous, as for instance in the case of water–air flow. The shallow-water
theory (Whitham 1974) yields a classical example of such an explicit model for the
function h describing the surface waves on water. The model for h takes the form
of the Korteweg/deVries equation. Another example is the groundwater flow in an
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unconfined aquifer (Bear 1972; Barenblatt, Entov & Ryzhik 1990) which leads to
the nonlinear parabolic Boussinesq equation with respect to h. In Barenblatt et al.
(1990) this model has been deduced using an integration of flow equations over the
vertical coordinate z and assuming a hydrostatic pressure distribution along z. In Liu
& Wen (1997) the same model has been obtained using the asymptotic expansion
method. The vertical size of the porous reservoir is assumed to be much smaller
than its horizontal length. More general models have been obtained in Dagan (1967)
and Parlange et al. (1984) where the gravitational equilibrium assumption has been
removed.

When both fluids are viscous (the third case), the approximate, explicit equations
were deduced in Polubarinova-Kochina (1962), assuming both the horizontal flow
velocity to be constant along z and a steady-state flow for both liquids. The first
condition is often replaced by the gravitational equilibrium condition.

In the case of a two-liquid flow, the condition of gravitational equilibrium, i.e. a
hydrostatic pressure distribution, becomes excessively restrictive. It does not enable
a description of the development of fast gravitational disturbances. In particular, it
is impossible to analyse the evolution of instability within the framework of such a
model. The condition of a steady-state flow does not enable the flow of compressible
liquids to be studied, when the elastic disturbance is spreading more slowly than the
gravitational disturbance.

In the initial attempts to obtain a model for two fluids in a thin reservoir (Panfilov,
Crolet & Calugaru 2000, 2001), some strong simplifying assumptions were introduced.
In particular, the interface deformations were considered small. The lateral (horizon-
tal) flow velocity was totally neglected and a partial linearization was performed. As
a result, the equations obtained described only a single particular case of non-lateral
flow and, moreover, in a simplified manner. Nevertheless, the effect of a connection
between gravitational instability and the anti-diffusion equation was noted.

In this paper both fluids are assumed to be viscous and compressible, the hypothesis
of gravitational equilibrium is rejected, the flow is non-stationary and no linearization
has been performed. The simplified assumptions concerning minor deformations of
the interface are not used. The lateral flow may now play a dominant role. It may
exhibit any value between zero and infinity, and, as will be shown later, determines
several flow regimes and a qualitative physical effect of suppressing Rayleigh–Taylor
instability. To obtain the model we have used the integral relations method, similar to
that developed by Kármán–Polhausen in boundary layer theory (Darrozes & François
1998). It consists of integrating the flow equations over the height of each liquid layer
and closing the integral relations obtained through a hypothesis concerning the vertical
velocity distribution along the vertical coordinate. In the case of the thin stratum
under study, this method is equivalent to the asymptotic expansion technique.

2. Formulation of the problem
2.1. Physical model

Let us introduce an orthogonal coordinate system (x1, x2, z), where z is a selected
‘vertical’ coordinate, which coincides with the gravity vector, and where (x1, x2) are
coordinates of the horizontal plane, which may not necessarily be Cartesian.

Let us examine a horizontal porous stratum of height H(x1, x2), which occupies
the domain Ω ⊂ R3. Here, two immiscible liquids are separated from one another by
an interface, which does not cross the top and bottom stratum boundaries, as shown
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Figure 1. Diagram of the process.

in figure 1. The lateral limits of the domain do not play an important role, i.e. the
vertical size H is much smaller than the horizontal length L. In particular, the domain
can be considered as infinite along x1, x2.

Let h(x1, x2, t) denote the height of the interface with respect to the bottom of the
stratum. The indexes i = I, II correspond respectively to the lower and the upper
liquids. Let the bottom boundary of the domain be impermeable, whereas the top
surface is open to a flow across it. The normal velocity, W , of the crossflow is
assumed to be known at each point of the top boundary. The lateral, i.e. horizontal,
flow is maintained by a characteristic pressure difference, ∆P , imposed at the lateral
boundaries of the domain. The porous stratum is assumed to be homogeneous but
anisotropic with a diagonal permeability tensor K ≡ {Kij}3i,j=1, such that: Kz ≡ K33,
Kx1
≡ K11, Kx2

≡ K22, and Kij = 0, i 6= j. Within the framework of the present paper
we assume Kx1

= Kx2
≡ Kx, so only the difference between the vertical (Kz) and

the horizontal permeability (Kx) is of interest. The capillary forces are neglected. A
special cylindrical surface F representing a well may penetrate the stratum as shown
in figure 1.

2.2. Flow equations

The flow of the slightly compressible ith liquid in a weakly elastic medium can be
described by the usual system of equations with respect to the liquid pressure P i and
flow velocity V i:

φβ∗
∂P i

∂t
+ divV i = 0, V i = − 1

µi
K⊗gradΦi, Φi = P i + %igz, i = I, II,

where % is fluid density, g is acceleration due to gravity, µ is the fluid dynamic viscosity,
φ is porosity, and 1/β∗ is the measure of fluid/medium compressibility (the smaller
1/β∗, the more compressible the system). Symbol ⊗ denotes the tensor product.

This system can be converted into two equations written with respect to functions
ΦI and ΦII :

∂Φi

∂t
=

∂

∂xk

(
ækj

∂Φi

∂xj

)
, i = I, II. (2.1)

Herein the summation is with respect to repeated indexes k and j; the tensor æi
kj is

defined as æi
kj = Kkj/(β∗µiφ).
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2.3. Kinematic equation for the interface

To proceed further, an explicit kinematic equation for the height of the mobile
interface h(x1, x2, t) can be written in the following way. Let the interface equation be

z = h(x, t), x = {x1, x2}. (2.2)

Function (2.2) is assumed to be existent and unique, therefore the formation of loops
on the interface is excluded.

Assuming that the interface remains smooth at all points, we obtain the following
kinematic equation:

∂h

∂t
+U (h) · gradh = Uz(h), (2.3)

with U the real surface velocity.

2.4. Conditions at the interface

The following three necessary conditions should be imposed on the interface: (i)
continuity of pressure; (ii) continuity of normal flow velocity; (iii) the velocity of the
interface should be equivalent to the physical velocity of the liquid at each point of
the interface, expressed in the following form:

P I
∣∣
h

= P II
∣∣
h
≡ P (h), (2.4a)

V I
n

∣∣∣
h

= V II
n

∣∣∣
h
, (2.4b)

φ
∂h

∂t
+ V I (h) · gradh = V I

z (h), (2.4c)

φ
∂h

∂t
+ V II (h) · gradh = V II

z (h), (2.4d)

because the real flow velocity is equal to V /φ.
Only two of the above four relations are independent. Below, we will use equation

(2.4c) and the following, resulting from (2.4c) and (2.4d):

V I (h)gradh− V I
z (h) = V II (h)gradh− V II

z (h). (2.5)

2.5. Boundary-value and initial conditions

Both the top and the bottom surfaces of the stratum are horizontal. The following
conditions express the zero flow across the bottom surface and a fixed flow velocity
W across the top surface:

V II
z

∣∣∣
z=H

= −W (x1, x2, t), V I
z

∣∣∣
z=0

= 0. (2.6)

The positive direction of vector W means inflow into the stratum.
At the lateral boundary of the domain the characteristic pressure drop ∆P is

defined, for instance, as the difference between the minimal and the maximal mean
(i.e. averaged over the stratum thickness) pressure values at the lateral surface of the
domain.

The initial conditions define an undisturbed state:

h
∣∣
t=0

= h0, P
∣∣
t=0, z=h0

= P0, V I
∣∣
t=0

= V II
∣∣
t=0

= 0, (2.7)

where h0 and P0 are constant.
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3. Averaged equations
3.1. Method of integral relations

The system of equations with a mobile boundary is difficult to study directly. A
more effective way is to simplify the system by integrating the equations along the
selected coordinate z and to derive an explicit equation for the interface height h(x, t).
However, integration leads to a loss of information about the system behaviour
along z. Such a loss must be restored by introducing a closure hypothesis con-
cerning the vertical distribution of the velocity or the pressure field. This technique
is a version of the Kármán–Polhausen method of integral relations developed in
boundary layer theory (Darrozes & François 1998). Note that Polhausen suggested
closure relations in polynomial form. This approach is widely used in shallow water
theory.

The closure hypothesis determines to what extent the method is approximate.
However, in the case of a thin stratum the integral method is almost insensitive to the
closure hypothesis. Indeed, it is clear that, for a thin stratum, the pressure and flow
velocity at any point in the vertical section are very close to their mean integral values.
Thus in the limit case of an infinitely thin stratum, the integral method converges
toward the exact equations whatever the closure hypothesis. The role of the closure
hypothesis becomes important only from the first approximation (with respect to the
small stratum height H/L). We will choose the closure relation in such a form that
in the first approximation it will be correct. Thus in the case of the thin stratum we
are studying, the integral method yields the exact results up to and including the first
approximation. From this point of view, the integral method, although equivalent to
the asymptotic expansion technique, is more elegant.

An asymptotic technique corresponding to a similar thin stratum case was used in
Yortsos (1995) for a problem of mixed but non-stratified two-phase flow (described
in terms of the saturation but not of the interface). The objective of that paper was
to discover the conditions ensuring gravitational equilibrium in the system. In our
case, for a stratified fluid we constructed a model which would be valid without the
vertical equilibrium condition.

3.2. Deduction of equations averaged over the vertical coordinate

Let us perform an integration of (2.1) over intervals 0 6 z 6 h and h 6 z 6 H , taking
into consideration that∫ h

0

∂ΦI

∂t
dz =

∂

∂t

(∫ h

0

ΦIdz

)
− ΦI (h)∂h

∂t

=
∂

∂t
(hΦ

I
)− ∂

∂t
(hΦI (h)) + h

∂ΦI (h)

∂t

=
∂RI

∂t
+ h

∂ΦI (h)

∂t
,

∫ h

0

∂2ΦI

∂xj∂xj
dz =

∂

∂xj

[
∂

∂xj

(∫ h

0

ΦIdz

)
− ΦI (h) ∂h

∂xj

]
− ∂ΦI

∂xj

∣∣∣∣
h

∂h

∂xj

=
∂2RI

∂xj∂xj
+

∂

∂xj

(
h
∂ΦI (h)

∂xj

)
− ∂ΦI

∂xj

∣∣∣∣
h

∂h

∂xj
,
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etc., where

RI ≡ h(ΦI − ΦI (h)), RII ≡ hII (ΦII − ΦII (h)), hII ≡ H − h,
Φ
I ≡ 1

h

∫ h

0

ΦIdz, Φ
II ≡ 1

hII

∫ H

h

ΦIIdz, Φi(h) ≡ Φi∣∣
z=h
. (3.1)

The integration yields the set of equations

∂RI

∂t
+ h

∂ΦI (h)

∂t
= div(æI

xgradRI) + div(æI
xhgradΦI (h))− æI

xS
I ,

∂RII

∂t
+ hII

∂ΦII (h)

∂t
= div(æII

x gradRII )

+div(æII
x h

IIgradΦII (h)) + æII
x S

II − æII
x µ

IIφW (x)

Kx

,


(3.2a)

which is completed by conditions at the interface

φ
∂h

∂t
− Kx

µI
SI = 0,

1

µI
SI =

1

µII
SII , (3.2b)

where

SI ≡ ∂ΦI

∂xj

∣∣∣∣
h

∂h

∂xj
− Kz

Kx

∂ΦI

∂z

∣∣∣∣
h

, SII ≡ ∂ΦII

∂xj

∣∣∣∣
h

∂h

∂xj
− Kz

Kx

∂ΦII

∂z

∣∣∣∣
h

. (3.2c)

Relation (3.2) can be simplified by eliminating Si:

∂RI

∂t
+ h

∂ΦI (h)

∂t
= æI

x

[
∆RI + h∆ΦI (h) + gradh · gradΦI (h)− φµI

Kx

∂h

∂t

]
,

∂RII

∂t
+ hII

∂ΦII (h)

∂t
= æII

x

[
∆RII + hII∆ΦII (h)− gradh · gradΦII (h)

+
φµII

Kx

∂h

∂t
− µIIφW (x)

Kx

]
,

hII ≡ H − h, ΦII (h) = ΦI (h) + (%II − %I )gh.


(3.3)

System (3.3) of four equations is not closed as it contains six functions: RI , RII ,
ΦI (h), ΦII (h), h and hII .

3.3. Closure relation: assumptions concerning vertical velocity distribution

Let us assume the vertical distribution of the vertical flow velocity to be linear:

V I
z (x, z, t) =

Kza
I (x, t)

µI
z, V II

z (x, z, t) =
Kza

II (x, t)

µII
(z −H)−W (x, t),

where conditions (2.6) have been taken into account; x ≡ (x1, x2). New parameters aI

and aII are not yet defined.
Usually the assumption of a hydrostatic pressure distribution is examined (Bear

1972; Barenblatt et al. 1990). Such an assumption is equivalent to zero vertical flow
velocity and appears satisfactory when the interface deformation is relatively small,
when the boundary is free (the upper fluid has no viscosity nor density) and when
the transition phenomena are not yet established in the system.

For the more general case studied in this paper, a more general hypothesis is
required. Moreover, one can show that the assumption of constant (i.e. zero) vertical
flow velocity leads to an overdetermined, contradictory system of equations, as not
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all the boundary conditions will be satisfied. On the other hand, any other law of
velocity distribution (quadratic, etc.) leads to a non-closed system if a single integral
relation is used.

In the case of a thin stratum, the assumption of a linear vertical distribution of
the vertical velocity appears to be correct. This can be strictly proved using the
asymptotic expansion technique with respect to the dimensionless stratum thickness
ε which is small. In the Appendix we show that the vertical component of flow
velocity is linear along z in the first approximation. Hence the model we present in
this paper holds up to and including the terms of O(ε).

Parameters aI and aII may be determined from the conditions at the interface, (2.4)
or (3.2b):

ΦI = ΦI (h)− aI (z2 − h2)

2
,

ΦII = ΦII (h)− aII

2

[
(z −H)2 − (h−H)2

]
+
µIIW

Kz

(z − h), (3.4)

∂ΦI

∂z

∣∣∣∣
h

= −haI , ∂ΦI

∂xj

∣∣∣∣
h

=
∂ΦI (h)

∂xj
+ aIh

∂h

∂xj
,

∂ΦII

∂z

∣∣∣∣
h

= hIIaII +
µIIW

Kz

,
∂ΦII

∂xj

∣∣∣∣
h

=
∂ΦII (h)

∂xj
− aIIhII ∂h

∂xj
− µIIW

Kz

∂h

∂xj
.

Then from (3.2c)

SI =
∂ΦI (h)

∂xj

∂h

∂xj
+ aIh

(
∂h

∂xj

∂h

∂xj
+
Kz

Kx

)
,

S II =
∂ΦII (h)

∂xj

∂h

∂xj
−
(
aIIhII +

µIIW

Kz

)(
∂h

∂xj

∂h

∂xj
+
Kz

Kx

)
.

Finally, using (3.2b), we obtain

aI =

(
φµI

Kx

∂h

∂t
− ∂ΦI (h)

∂xj

∂h

∂xj

)(
h

[
Kz

Kx

+
∂h

∂xj

∂h

∂xj

])−1

,

aII = −
(
φµII

Kx

∂h

∂t
− ∂ΦII (h)

∂xj

∂h

∂xj

)(
hII
[
Kz

Kx

+
∂h

∂xj

∂h

∂xj

])−1

− µIIW

KzhII
.

 (3.5)

We can now derive two additional formulae which relate functions RI and RII to
other functions of the system (3.3). They are obtained from (3.4):

Φ
I

= ΦI (h) +
aIh2

3
, Φ

II
= ΦII (h) +

aII (hII )2

3
+
µIIhIIW

2Kz

.

Taking into account (3.5), relation (3.1) then yields

RI =

(
φµI

Kx

∂h

∂t
− ∂ΦI (h)

∂xj

∂h

∂xj

)
h2

3

[
Kz

Kx

+
∂h

∂xj

∂h

∂xj

] ,
RII = −

(
φµII

Kx

∂h

∂t
− ∂ΦII (h)

∂xj

∂h

∂xj

)
(hII )2

3

[
Kz

Kx

+
∂h

∂xj

∂h

∂xj

] +
µII (hII )2W

6Kz

.


(3.6)

The system of six equations (3.3) and (3.6) is now closed.
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4. Final form of the model
4.1. Dimensionless closed form of the averaged equations

Let us introduce the dimensionless functions

ϕ(y1, y2, τ) ≡ h

h0

, ψ(y1, y2, τ) ≡ hII

hII0
, τ ≡ t

t∗
, yi ≡ xi

L
,

π ≡ ΦI (h)

∆P
, rI ≡ RI

h0∆P
, rII ≡ RII

hII0 ∆P

After inserting (3.6) into (3.3) we obtain

LI rI + ϕLIπ =
τgr

ω

∂ϕ

∂τ
− ∇π · ∇ϕ,

−LII rII − ψLIIπ +
γ

ω
ψLIIϕ =

τgrλ

ωµ

∂ϕ

∂τ
− λ∇π · ∇ϕ+

γλ

ω
(∇ϕ)2 − αw(y, τ),

rI =
ϕ2ε

(1 + ε(∇ϕ)2)

[
τgr

ω

∂ϕ

∂τ
− ∇π · ∇ϕ

]
,

rII =
ψ2ε

λ(1 + ε(∇ϕ)2)

[
− τgr
ωµ

∂ϕ

∂τ
+ ∇π · ∇ϕ− γ

ω
(∇ϕ)2

]
+
εαψ2w(y, τ)

2λ2
,

ψ = −λϕ+ λ+ 1,


(4.1)

where the new variables and operators are denoted

LI ≡ ∆− τel ∂
∂τ
, LII ≡ ∆− τel

µ

∂

∂τ
(4.2)

the symbol ∆ denotes Laplace’s operator written using variable y, ∇ ≡ grady .
The following set of dimensionless parameters defines the process:

ω ≡ ∆P

%Igh0

, ε ≡
(
h0

L

)2
Kx

3Kz

, α ≡ 〈W 〉φL(
Kx∆P

µIIL

)
hII0

, γ ≡ %I − %II
%I

,

µ ≡ µI

µII
, λ ≡ h0

hII0
, τgr ≡ tgr

t∗
, τel ≡ tel

t∗
, w(y) ≡ W (y)

〈W 〉 .

 (4.3)

Parameter ε is the ratio between the vertical and horizontal scales factorized by the
permeability ratio. For the case examined here of a thin layer, ε is always small if the
anisotropy of the medium is not too high. This is the basic assumption of the paper.

The limitation on the degree of anisotropy of the medium follows from the definition
of parameter ε:

Kz

Kx

= O

(
1

ε

[
h0

L

]2
)
.

In particular, if h0/L ∼ ε2 (which corresponds to the assumption of a thin stratum),
then Kz/Kx ∼ ε.

Parameter ω reflects the ratio of the characteristic horizontal flow velocity to the
characteristic vertical velocity. Parameter α is the ratio between the mean flow rate
across the top boundary and the characteristic horizontal flow rate. Parameter γ is
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the relative difference between the fluid densities: it is positive when the upper fluid is
lighter. Parameter µ is the ratio of fluid viscosities: it is greater than 1 when the upper
fluid has a low viscosity. 〈W 〉 is the mean flow velocity across the top boundary,
averaged over the overall boundary area. Velocity w is positive when the crossflow is
directed upwards. Parameter λ is of order 1.

Three characteristic times define the system:

tel =
µIL2β∗φ
Kx

, tgr =
µIφL2

Kx%Igh0

, t∆P =
µIφL2

Kx∆P
,

where tel defines the propagation time of an elastic disturbance over the scale L; tgr
is the overall extraction time of the fluid from the medium through a lateral section
due to gravitational drainage; t∆P is the overall extraction time of the fluid from the
medium due to the fall in lateral pressure, ∆P .

Amongst these three times, the third, t∆P , plays a special role: both the gravitational
and the elastic times are intrinsic parameters of the system, whereas time t∆P is defined
using a value ∆P introduced through the boundary-value conditions (see § 2.5). Hence,
time t∆P may be considered as external.

Time t∗ is selected from two intrinsic times:

t∗ = max{tel , tgr}. (4.4)

4.2. Asymptotic equations as ε→ 0

In this paper we examine the asymptotic behaviour of system (3.5) when the thickness
of the stratum is small. More strictly, we assume that the lesser values of the second
order, O(ε2), can be neglected.

We can first exclude the terms ri from (4.1) from which they may be obtained in
the first approximation:

τgr

ω

∂ϕ

∂τ
− ∇π · ∇ϕ− ϕ∆π + τelϕ

∂π

∂τ
= εLI

(
ϕ2

[
τgr

ω

∂ϕ

∂τ
− ∇π · ∇ϕ

])
+ O(ε2),

λ

(
τgr

ωµ

∂ϕ

∂τ
− ∇π · ∇ϕ+

γ

ω
(∇ϕ)2

)
− τelψ

µ

(
∂π

∂τ
− γ

ω

∂ϕ

∂τ

)
+ψ∆π − γ

ω
ψ∆ϕ− αw(y, τ)

= εLII

(
ψ2

λ

[
τgr

ωµ

∂ϕ

∂τ
− ∇π · ∇ϕ+

γ

ω
(∇ϕ)2

]
− αψ2w(y, τ)

2λ2

)
+ O(ε2),

ψ = −λϕ+ λ+ 1.



(4.5)

The first two equations can be simplified to the following form:

τgr

ω

∂ϕ

∂τ
− div(ϕgradπ) + τelϕ

∂π

∂τ
= εLI

(
ϕ3∆π − τelϕ3 ∂π

∂τ

)
,

τgr

ωµ

∂ϕ

∂τ
+ div(ψgradπ)− γ

ω
div(ψgradπ)− τelψ

µ

(
∂π

∂τ
− γ

ω

∂ϕ

∂τ

)
− αw

= εLII

(
ψ2

λ2

[
γ

ω
ψ∆ϕ− ψ∆π + αw +

τelψ

µ

(
∂π

∂τ
− γ

ω

∂ϕ

∂τ

)]
− αψ2w

2λ2

)
,


with the order of the remainder equal to O(ε2).
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This system may be represented in an equivalent form, by eliminating the second
derivative with respect to π in one equation:

τgr

ω

(
ψ

ϕ
+
λ

µ

)
∂ϕ

∂τ
− (λ+ 1)

ϕ
∇π · ∇ϕ− γ

ω
div (ψgradϕ)− αw

+
τelψ

µ

(
(µ− 1)

∂π

∂τ
+
γ

ω

∂ϕ

∂τ

)
= ε

ψ

ϕ
LI

(
ϕ3∆π − τelϕ3 ∂π

∂τ

)
+εLII

(
ψ2

λ2

[
γ

ω
ψ∆ϕ− ψ∆π +

αw

2
+
τelψ

µ

(
∂π

∂τ
− γ

ω

∂ϕ

∂τ

)])
,

τelϕ
∂π

∂τ
− div(ϕgradπ) +

τgr

ω

∂ϕ

∂τ
= εLI

(
ϕ3∆π − τelϕ3 ∂π

∂τ

)
.



(4.6)

The natural limitation on the variation of the solution to model (4.6) is

0 6 ϕ 6
1 + λ

λ
, (4.7)

i.e. an interface cannot penetrate across the lower and the upper stratum boundaries.

4.3. Relation for flow rates and averaged pressures

To proceed further, the relation for flow rates averaged over the layer thickness
will be required in order to set boundary conditions. Let us examine a cylindrical
surface F orthogonal to the plane (y1, y2) and intersecting the top and the bottom
of the domain Ω as depicted in figure 1 (we will keep the same notation F for the
dimensionless variable y). This may be the surface of a well. Let G be a closed plate
line, which results from the intersection of surface F with any orthogonal horizontal
plane.

The volume flow rate of the upper and the lower liquids across the interface F is
defined as

QI ≡
∫
G

∫ h

0

Vn dz dG =
h0L

t∗

∫
G
qI dG, QII ≡

∫
G

∫ H

h

Vn dz dG =
hII0 L

t∗

∫
G
qII dG,

(4.8)
where Vn is the component of flow velocity normal toF, and qi are the dimensionless
densities of the flow rates across F defined as

qI ≡ t∗
h0L

∫ h

0

V I
n dz, qII ≡ t∗

hII0 L

∫ H

h

V II
n dz.

The averaged velocity is related to functions Ri and Φi as∫ h

0

V I
n dz = −Kx

µI

∫ h

0

∂ΦI

∂n
dz = −Kx

µI

(
∂RI

∂n
+ h

∂ΦI (h)

∂n

)
, etc.

So for dimensionless fluxes it is easy to obtain the following relations in terms of
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variables ϕ, ψ, π:

qI = −ωφ
τgr

{
ϕ
∂π

∂n
+ ε

∂

∂n

(
τgr

ω
ϕ2 ∂ϕ

∂τ
− ϕ2∇π · ∇ϕ

)}
,

qII = −µωφ
τgr

{
ψ
∂π

∂n
− γ

ω
ψ
∂ϕ

∂n
+
ε

λ

∂

∂n

×
(
ψ2∇π · ∇ϕ− τgr

ωµ
ψ2 ∂ϕ

∂τ
− γ

ω
ψ2 (∇ϕ)2 +

αw(y, τ)ψ2

2λ

)}


(4.9)

where ∂/∂n means derivatives along the normal direction to surface F.

The averaged velocity potentials, π̄i ≡ Φi/∆P , can be determined in terms of ri as

πI = π +
rI

ϕ
, πII = πII +

rII

ψ
, with πII = π − γ

ω
ϕ.

Hence, taking into account two last equations in (4.1), we obtain

πI = π + εϕ

(
τgr

ω

∂ϕ

∂τ
− ∇π · ∇ϕ

)
,

πII = π − γ

ω
ϕ− ε

λ
ψ

(
τgr

ωµ

∂ϕ

∂τ
− ∇π · ∇ϕ+

γ

ω
(∇ϕ)2

)
.

 (4.10)

It can be seen that the difference between the averaged velocity potential and the
potential at the interface disappears as ε→0. This means that the pressure distribution
along z is practically hydrostatic, and that the vertical flow velocity is close to zero.

5. Gravity waves
5.1. General nonlinear equations for gravity waves

Let us examine the case where the elastic wave spreading time is very small compared
to gravitational time. The third time t∆P can be of any length.

In this case, fluid/medium compressibility does not play any role, and therefore
non-stationarity is introduced by gravitational phenomena only. Due to this, we call
the solutions obtained ‘gravity waves’.

The characteristic time scale t∗ should be chosen as equal to tgr , according to (4.4).
Then τgr = 1, τel � 1.

We obtain from (4.6)

1

ω

(
ψ

ϕ
+
λ

µ

)
∂ϕ

∂τ
− (λ+ 1)

ϕ
∇π·∇ϕ

=
γ

ω
div(ψgradϕ) + αw(y) + ε

ψ

ϕ
∆(ϕ3∆π)

+ε∆

(
ψ3

λ2

[ γ
ω
ψ∆ϕ− ψ∆π +

αw

2

])
,

−div(ϕgradπ) = − 1

ω

∂ϕ

∂τ
+ ε∆(ϕ3∆π).


(5.1)

The omitted terms are of O(ε2).
Due to the appearance of a third-order mixed derivative, it is difficult to determine

the system type. It can be analysed, however.
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5.2. A particular case: free-boundary single-fluid flow

For single-phase flow of the lower liquid with a free boundary ϕ (which describes
in particular groundwater flow in contact with air in an unconfined aquifer), a
generalization of the classical nonlinear Boussinesq equation can be deduced from
(5.1). Let us assume the upper fluid has zero density and viscosity, i.e. γ → 1 and
µ→∞. The pressure at the free surface is constant and equal to atmospheric pressure.
Hence P II = Pat = const, π = Pat/∆P + ϕ/ω, ∇π = (1/ω)∇ϕ. Thus, system (5.1)
yields a single equation in the first approximation:

∂ϕ

∂τ
= div(ϕgradϕ)− ε∆(ϕ3∆ϕ). (5.2)

Exactly the same equation has been derived in Dagan (1967), Parlange et al. (1984)
and Liu & Wen (1997) using the asymptotic expansion method, instead of integration
along z.

In the zero approximation with respect to ε, the Boussinesq equation is obtained:

∂ϕ

∂τ
= div(ϕgradϕ). (5.3)

This is the classical model of groundwater flow theory in an unconfined aquifer.

5.3. Regimes of gravity flow

The parametric analysis of the first equation in (5.1) enables us to formulate a
classification of flow regimes.

(i) A nonlinear diffusion regime is observed when ω → 0, i.e. the horizontal flow
velocity is low. This case describes the flow caused essentially by gravity. It concerns
the free spreading of one liquid over another, or the flow of a stratified liquid towards
a well under weak pressure gradients. In this case system (5.1) can be transformed
into a single equation:(

ψ

ϕ(ψ)
+
λ

µ

)
∂ϕ

∂τ
= γdiv(ψ(ϕ)gradϕ) + ωαw(y, τ). (5.4)

The last term is significant if α is high. Note that (5.4) can be rewritten with respect
to function ψ: (

ψ

ϕ(ψ)
+
λ

µ

)
∂ψ

∂τ
= γdiv(ψgradψ)− ωαw(y, τ). (5.5)

(ii) A convection–diffusion regime is observed when ω ∼ 1. Equations (5.1) then
take the form

1

ω

(
ψ

ϕ
+
λ

µ

)
∂ϕ

∂τ
− (λ+ 1)

ϕ
∇π · ∇ϕ =

γ

ω
div(ψgradϕ) + αw(y, τ),

div(ϕgradπ) =
1

ω

∂ϕ

∂τ
.

 (5.6)

(iii) A convection regime under weak dissipation can be reached when ω ∼ ε−1→∞,
i.e. horizontal flow velocity is very high. In this case, all the second and third derivatives
are grouped under a single dissipation term, which is of O(ε+ω−1). Although this term
is small, it must not be entirely neglected, as it produces some dissipation phenomena
in spatial boundary layers. This can be observed in the vicinity of the interface.
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Then (5.1) take the form

1

ω

(
ψ

ϕ
+
λ

µ

)
∂ϕ

∂τ
− (λ+ 1)

ϕ
∇π · ∇ϕ

= αw(y) + ε

{
γ

εω
div (ψgradϕ) +

ψ

ϕ
∆(ϕ3∆π)− 1

λ2
∆(ψ3∆π − αwψ2)

}
,

div(ϕgradπ) = ε

{
1

εω

∂ϕ

∂τ
− ∆(ϕ3∆π)

}
.


(5.7)

A small parameter before the time derivative represents the appearance of a time
boundary layer phenomenon, outside which the system behaviour becomes stationary.
To study the development of transient phenomena it is sufficient to rescale the time
by introducing the new time θ = ωτ.

5.4. Rayleigh–Taylor instability in dynamics

One of the ways to study interface behaviour is via a stability analysis. Two basic
types of instability usually appear in conjunction with the shear flow of a stratified
liquid: the Rayleigh–Taylor instability caused by gravity forces (Chandrasekhar 1961;
Inogamov, Demianov & Son 1999), and the Kelvin–Helmholtz instability caused
by inertia effects (Chandrasekhar 1961). In a Hele-Shaw cell, the Rayleigh–Taylor
instability has been examined in Maxworthy (1987), the Kelvin–Helmholtz instability
in Yih (1967), Thorpe (1969), and Gondret & Rabaud (1989).

Within the framework of assuming the neglect of inertia forces, no mechanisms exist
enabling the Kelvin–Helmholtz instability to occur. On the other hand, within the
framework of assuming the neglect of surface tension, no mechanisms exist enabling
the develoment of Rayleigh–Taylor instability to be counteracted. Hence the model
suggested is not suited to stability analysis.

However, it is easy to show that this model sharply changes its properties at the
instability threshold, as it is sensitive to Rayleigh–Taylor instability. Indeed, equations
(5.4) and (5.6) show that the diffusion term, which is defined as

D(ϕ) =
γ

ω
ψ, (5.8)

can change sign depending on the sign of the gravitational parameter γ. In particular,
when

γ < 0 (5.9)

(the upper fluid is heavier) the diffusion term becomes negative. Hence, we obtain
the anti-diffusion equation. It is well-known that the Cauchy problem for an anti-
diffusion equation is unstable. We can thus conclude that the classical Rayleigh–Taylor
gravitational instability is associated with the negative sign of the diffusion parameter
in the equation for ϕ.

In the case of a weak or moderate horizontal flow represented by (5.4) and (5.6) (the
diffusion regime and the convection–diffusion regime), the problem of gravitational
instability is rather trivial and has the same solution as under the static condition:
the flow is always unstable if (5.9) holds. Thus the flow dynamic does not influence
system stability.

Physically the appearance of the anti-diffusion effect as a model of gravitational
instability can be explained in the following manner. In the theory of dissipative
structures, the anti-diffusion equation arises as a model of an unstable homogeneous
multicomponent mixture which tends (over time) be split into stable, single-component
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sub-domains, thus forming a highly heterogeneous system (this is opposite to the
diffusion effect which tends to homogenize the mixture). The same tendency is
inherent in a gravitationally unstable system, which tends to be split into two stable,
single-phase layers by passing through an unstable mixture state.

Note that equations with variations in the parabolicity direction were considered
in Plotnikov (1993), as a model of hysteresis phenomena in the theory of phase
transitions. However, this theory cannot be applied to (5.1), as the structure of
nonlinearity was very different. On the other hand, certain methods of regularization
of equations such as (5.1) were examined. According to Plotnikov (1993), the best
regularization can be attained by adding the term ∆∂ϕ/∂τ. Then, the full equation
(5.1) is expected to regularize unstable solutions.

The conclusion of this section provides us with a probable tool for analysing
gravitational instability in complicated cases. According to our hypothesis, to check
whether the system is gravitationally unstable, it is sufficient to check the sign of the
formal diffusion parameter in the equation describing the interface dynamics.

6. The spreading of one liquid over another: degenerating cases
Let us examine the stable case only: γ > 0. One of the basic properties of model

(5.4) is the existence of singular points when ψ → 0 and ϕ→ 0. These two cases mean
a degeneration of the two-phase system: in the first case the upper fluid disappears; in
the second case the lower fluid is completely replaced by the upper one. An analysis
of these singularities can be performed based on the problem of contact between two
fluids.

6.1. Problem of contact between two liquids

Let us examine the one-dimensional problem of contact between two liquids in the
domain (−∞ < y < +∞), assuming that the initial interface is vertical, with y ≡ y1

being the Cartesian coordinate. The right-hand half-space is filled by the heavier
fluid, while the left-hand half contains the lighter fluid over an initial thin layer of
the heavier fluid ϕ0 in height. In particular, ϕ0 can be equal to 0. This problem is
described by the following one-dimensional initial problem for function ϕ(y, τ):

ϕ|τ=0 = ϕ0H(y) + (1 + λ)(1−H(y)), (6.1)

where H(y) is the Heaviside function.
Due to the density difference, the vertical interface cannot remain in the steady state

and begins to deform similar to a diffusion wave. The heavier liquid flows under the
lighter liquid by forming a singularity ϕ→ 0 if ϕ0 = 0, while the lighter liquid tends
to form a layer covering the heavier liquid, by determining the singularity ψ → 0.

6.2. Degeneration ψ→0

When ψ → 0 equation (5.5) has the following asymptotic form:

λ

µ

∂ψ

∂τ
= γdiv(ψgradψ). (6.2)

This is a well-known nonlinear diffusion equation studied in Barenblatt et al. (1990)
and Samarski et al. (1995). In particular, this equation has a solution with a finite
velocity of wave propagation. This situation is illustrated by the left-hand side of
figure 3 below where ξ = y/

√
γτ. It is easy to show that, at point ξ∗, the incidence of



Asymptotic model of the interface in a thin porous stratum 73
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Figure 2. Phase portrait of the spreading equation.

the wave is equal to

dψ

dξ

∣∣∣∣
ξ→ξ∗

= −λξ∗
2µ
.

6.3. Degeneration ϕ→ 0

Let ϕ0 = 0. When ϕ→0 equation (5.4) has the following asymptotic form:

∂ϕ

∂τ
= γϕ∆ϕ (6.3)

or the self-similar form: −ξψ′/2 = ϕ(ϕ)′′, ξ ≡ y/√γτ.
By the replacement of variables ϕ(ξ) = ξ2u(η), η = ln ξ, the last equation may be

transformed into the following:

2u(u′′ + 3u′ + 2u) = −2u− u′,
which can be reduced to the first-order equation in the usual way:

dv

du
= −2u+ v + 6uv + 4u2

2uv
, v ≡ du

dη
. (6.4)

The phase portrait of this equation for u > 0 is shown in figure 2.
Three families of integral curves determine behaviour in the vicinity of the degen-

eration point η∗ where u → 0. Family III tends to zero with a positive derivative
v = du/dη, which increases toward infinity. This solution has no physical meaning,
as the infinite derivative stands for an infinite flow rate. Families II and I have a
negative derivative du/dη, which tends to zero along the characteristic line v = −2u
(curve a in figure 2). So, any solution decreases as u = C exp (−2η), C being an
arbitrary constant. This means however that, in terms of function ϕ(ξ), any solution
behaves as ϕ(ξ) ∼ C . According to the boundary conditions, C = ϕ0. Thus, a non-
trivial function ϕ(ξ) cannot intersect axis ξ wherever the point ξ∗, including ξ∗ → ∞.
(A trivial function corresponds to C = 0.) Thus, the problem (6.1) has solutions if
ϕ0 > 0.
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Figure 3. Solution of the contact problem.

This analysis shows that the heavier fluid penetrates under the lighter fluid if an
initial layer of the heavier liquid already exists in the initial state.

6.4. Self-similar solution

Problem (6.1) for (5.5) has a similar solution in the form ϕ = ϕ(ξ), ξ = y/
√
γτ which

is clearly the solution to the following boundary-value problem for the ODE:

−ξ
2

(
ψ

ϕ(ψ)
+
λ

µ

)
ψ′ = (ψ(ψ)′)′, ψ|ξ→−∞ = 0, ψ|ξ→+∞ = 1 + λ. (6.5)

The inflow w is neglected.
The solution behaviour is shown in figure 3 in terms of functions ψ(ξ), and ϕ(y, τ)

for three instants of time. The parameters are ϕ0 = 0.15; λ = 1; γ = 0.1; µ = 1.

7. Oil--water interface in an oil reservoir
The stable case of a rather low lateral flow velocity describes the behaviour of oil

reservoirs quite well.

7.1. Physical description of the system

Let us examine the problem of oil extraction from a porous reservoir by a well.
The lower layer is saturated by water (index I), the upper layer is oil saturated. The
gravitational parameter γ is always positive, such that the system is gravitationally
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stable. The stratum is penetrated by a well. The well is assumed to be of multitube
construction, such that each fluid can be extracted separately through its own tube.
The engineering problem consists in knowing how to control the deformations of
the oil–water interface in order to reduce the extraction of water. Such technology
has been analysed, for instance, in Korotaev & Zakirov (1981). A similar problem
arises in a gas–oil system. Here, indexes I and II designate oil and gas respectively.
Let us examine the following problem of radial flow towards a single well located
in the centre of a cylindrical porous domain of radius L, height H , porosity m and
permeability K . Let the well be a vertical cylinder of radius Rw . Let Qi(i=I,II) be the
volume flow rate of extraction of the ith fluid from the well.

Let us examine the case of small external horizontal gradients: ω � 1. We can
then use the system of equations (5.8) corresponding to the asymptotics ω, ε → 0.
In practice, the pressure drop ∆P is in the order of 1 MPa, while the pressure of the
gravity column %gh0 is in the order of 10 MPa if the reservoir thickness is 1000 m.
Thus ω = 0.1.

7.2. Mathematical formulation

For the flow rates across the well surface we can use general relations (4.8) and (4.9).
Assuming the flow velocity at the well does not depend on the polar angle, we obtain∫

G
qidG = 2πRwq

i, QI =
2πRwh0L

tgr
qI
∣∣∣∣
Rw

, QII =
2πRwh

II
0 L

tgr
qII
∣∣∣∣
Rw

,

qI = −ωφϕ∂π
∂r
, qII = −µωφψ

{
∂π

∂r
− γ

ω

∂ϕ

∂r

}
,

where r = R/L, rw = Rw/L.
Then we obtain the following boundary-value conditions:

rϕ
∂π

∂r

∣∣∣∣
r=rw

=
QItgr

2πωh0L2φ
, rψ

{
∂π

∂r
− γ

ω

∂ϕ

∂r

}
r=rw

=
QIItgr

2πωhII0 L
2φµ

.

In this case the boundary values Qi are given instead of ∆P used earlier, but they can
be related via the Darcy law: ∆P = QIµI/(2πKxh0). Then, by eliminating the term
∂π/∂n from the second condition, we obtain finally{

ψ

ϕ
− 2γ

ω
rψ
∂ϕ

∂r

}
r=rw

=
λ

Qµ
, rϕ

∂π

∂r

∣∣∣∣
r=rw

=
1

2
, Q ≡ QI

QII
. (7.1)

After some simple transformations we obtain the boundary-value problem for
ϕ(r, τ), which follows from (5.8):(

ψ

ϕ
+
λ

µ

)
∂ϕ

∂τ
=
γ

r

∂

∂r

(
rψ
∂ϕ

∂r

)
, r ∈ (rw, 1), τ > 0,{

ψ

ϕ
− 2γ

ω
rψ
∂ϕ

∂r

}
r=rw

=
λ

Qµ
,

ϕ|r=1 = 1, ϕ|τ=0 = 1.


(7.2)

The conditions at τ = 0 and at r = 1 mean that the interface was undisturbed in
the initial state and remains undisturbed far from the well. The omitted terms in (7.2)
are of O(ε2).
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General limitation (4.7) remains true:

0 6 ϕ 6
1 + λ

λ
. (7.3)

7.3. Critical regime of oil extraction

System (7.2) is characterized by a constant critical flow rate ratio defined as

Q∗ =
λ

µ
. (7.4)

If Q = Q∗ the system remains in the undisturbed state, or ϕ ≡ 1. This theorem is
easy to prove. It can be seen from (7.2) that the derivative ∂ϕ/∂r at r = rw is equal
to zero by identity when

Q(τ) =
ϕ

ψ

∣∣∣∣
r=rw

λ

µ
. (7.5)

In this case problem (7.2) describes an undisturbed system. Its solution is unique and
simple: ϕ ≡ 1.

According to the initial condition, ϕ = 1 at τ = 0. Then ψ|τ=0 = 1 also, according
to the definition of ψ (see (5.7), for instance). Hence, at the initial instant, the ratio
ϕ/ψ in (7.5) is equal to 1. Therefore the initial value of Q ensuring the undisturbed
state for the interface is equal to the critical value (7.4). In other words, the critical
value (7.4) ensures the initial, undisturbed state of the interface. Hence ϕ and ψ, as
well as their ratio ϕ/ψ will maintain their initial values at all other times.

Depending on the value of Q with respect to the critical value (7.4), the derivative
∂ϕ/∂r at r = rw can be zero, positive, or negative. Therefore three modes of flow,
depicted in figure 4, may be distinguished.

(1) Fluid extraction under an undisturbed interface is observed when

Q = Q∗ or
QI/h0

QII/hII0
=
µII

µI
.

The physical meaning of this equation is clear: for the interface to remain horizontal
the fluid velocities must be inversely proportional to the fluid viscosities. This criterion
means that the pressure gradients are equal in both fluids, as has been shown in Zeybek
& Yortsos (1992).

(2) Extraction under invasion of the upper fluid is observed when

Q > Q∗ or
QI/h0

QII/hII0
>
µII

µI
.

(3) Extraction under invasion of the lower fluid is observed when

Q < Q∗ or
QI/h0

QII/hII0
<
µII

µI
.

7.4. Asymptotic solution

As parameter ω is small, the asymptotic method can be used. Let the solution of (7.2)
be of the form

ϕ(y, τ) = 1 + ωϕ1 + ω2 . . . .



Asymptotic model of the interface in a thin porous stratum 77

II

I

1u

Q>Q∗

Q<Q∗

r

Q=Q∗

Figure 4. Three modes of the oil–water interface in the vicinity of a well.

For the first term, ϕ1, it is easy to obtain the linear problem:

a
∂ϕ1

∂τ
=

1

r

∂

∂r

(
r
∂ϕ1

∂r

)
,

r
∂ϕ1

∂r

∣∣∣∣
r=rw

=
1

2γ

[
λ

Qµ
− 1

]
,

ϕ1|r=1 = 0, ϕ1|τ=0 = 0,


(7.6)

where a ≡ (1/γ)(1 + λ/µ). The solution to this equation can be represented in an
analytical manner. The most simple form is obtained for the self-similar solution,
which corresponds to the case of an infinite reservoir (L → ∞) and a very thin well
(Rw → 0). The solution is then: ϕ1 = ϕ1(ξ), ξ ≡ r/√τ. The problem takes the form

−aξ
2

dϕ1

dξ
=

1

ξ

d

dξ

(
ξ

dϕ1

dξ

)
, 0 < ξ < ∞,

ϕ1|ξ=∞ = 0, ξ
dϕ1

dξ

∣∣∣∣
ξ=0

=
1

2γ

[
λ

Qµ
− 1

]
.

The solution has the following form:

ϕ1 =
1

4γ

[
λ

Qµ
− 1

]
Ei

(
−aξ

2

4

)
, Ei(x) ≡

∫ x

−∞
eu

u
du, (7.7)

where Ei is the integral exponential function. Using its property, we obtain for ξ → 0

ϕ = 1 +
ω

4γ

[
λ

Qµ
− 1

] [
ln
aξ2

4
+ Ce+ · · ·

]
+ O(ω2), (7.8)

where Ce = 0.5772 . . . is the Euler constant. This function is presented in figure 5
(curve b) and has exactly one of three forms shown in figure 4.

The comparison of an asymptotic (when ω → 0) solution (7.7) to the exact
numerical solution of nonlinear problem (7.2) is presented in figure 5, for λ = 1,
µ = 1, γ = 1, Q = 10, ω = 0.01. It is seen that the asymptotic solution is very close to
being exact, excluding a narrow zone in the vicinity of point r = 0 where asymptotic
function (7.8) is infinitely deformable. Indeed, the asymptotic solution describes a
linearized form of problem (7.2) and, thus, cannot describe the singularities ψ = 0
and ϕ = 0 which were examined in § 6, just as it cannot satisfy limitations (7.3).
However, if the well radius is not zero, the solution to the asymptotic problem is
bounded everywhere and gives a better description of the system behaviour in the
vicinity of the well.
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Figure 5. Comparison of the asymptotic (b) and the numerical nonlinear solution
(a) for the problem of oil–water flow towards a well.

7.5. Physical interpretation

The critical mode of flow (7.4) means that the interface can be maintained in a dynamic
undisturbed state if the mean velocity ratio of fluid extraction V i ≡ Qi/h0

i = Qi/λ is
inversely proportional to the viscosity ratio. For the water–oil system at µ ∼ 0.1–0.01
the oil velocity must be 10–100 times lower than that of water. If the water velocity
is reduced below the critical value, so that Qwater/Qoil < Q∗, then the well will be
invaded by water. To prevent water invasion, the oil flow rate must be reduced below
the critical value.

For the oil–gas system, characterized by µ ∼ 100–1000, the interface remains undis-
turbed if the gas velocity is 100–1000 times greater than that of oil. If the gas velocity
is reduced below the critical, the well will be invaded by gas.

The final conclusion concerns the stability of the critical regime. It is easy to see
that solution (7.8) is always singular at r → 0 or τ → ∞ when the flow rate ratio
differs from the critical value. This means that the smallest disturbance of the critical
regime leads to singular, infinite growth of the interface in the vicinity of the well.
Thus, the critical regime is unstable.

8. Dominant elastic forces
Let us examine the case of a highly deformable medium and/or fluids, when the

elastic wave propagation time is high compared to gravitational time. The time scale
t∗ should be chosen as tel , according to (4.4). Then τ∗ = 1, τgr�1. Therefore, we
obtain from (4.5) at ε→ 0

ϕ
∂π

∂τ
= div(ϕgradπ), (8.1a)

ψ

µ

∂ϕ

∂τ
− div(ψgradϕ) =

ω

γ

[
ψ

µ

∂π

∂τ
− div(ψgradπ)

]
+
αωw(y, τ)

γ
. (8.1b)

Relations (4.9) for flow rates across a cylindrical surface F (figure 1) take the form

qI = −ωφ
τgr

{
ϕ
∂π

∂n

}
, qII = −µωφ

τgr

{
ψ
∂π

∂n
− γ

ω
ψ
∂ϕ

∂n

}
. (8.2)
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Let us examine the same physical problem as in § 7 but within the framework of
the model (8.1). Examining a low disturbance, which is always the case in practice,
let us assume parameter ω to be small. Then function π can be excluded from (8.1).
Let the surface F be a cylindrical well of dimensionless radius rw as in 7.2. The top
surface of the domain is impermeable (α = 0). The problem of oil–water extraction
under fixed flow rates QI and QII for each fluid hence takes the form

ψ

µ

∂ϕ

∂τ
= div(ψgradϕ), r ∈ (rw, 1), τ > 0,{

ψ

ϕ
− 2γ

ω
rψ
∂ϕ

∂r

}
r=rw

=
λ

Qµ
,

ϕ|r=1 = 1, ϕ|τ=0 = 1,


(8.3)

where as noted earlier ∆P = QIµI/2πKxh0.
The last differential equation is linear with respect to the new function f(y, τ)

defined as df = ψdϕ. But the boundary-value conditions remain nonlinear.
The asymptotic solution at ω → 0 has the same form as (7.8) for a gravity-

dominated mode, except for some differences in parameter magnitudes:

ϕ = 1 +
ω

4γ

[
λ

Qµ
− 1

]
Ei

(
− ξ

2

4µ

)
, ξ = r/

√
τ.

All conclusions about the critical flow rate ratio defined as (7.4) remain true.

9. Conclusion
A general model of interface deformation is obtained based on the shallow-water

approach (the vertical size of the domain is much smaller than the horizontal). A
single assumption has been used: a linear distribution for the vertical flow velocity
both above and below the interface. The traditional assumption of low interface
deformations has not been used, hence the model obtained also describes large
deformations.

For the gravitational mode of flow (gravity drainage time is much greater than that
of the elastic disturbance) three regimes have been detected. These differ in the ratio
between vertical and lateral flow velocities. The gravitational phenomena are revealed
in a nonlinear diffusion term, whilst lateral flow appears in the form of a convection
term. Therefore in the case of weak lateral flow the model takes the form of a nonlinear
diffusion equation, which can be considered as a generalization of the classical
Boussinesq equation for water flow in contact with air in an unconfined aquifer. The
case of a moderate lateral flow is described by the convection–diffusion equation,
while the case of high lateral flow is modelled by a convection transport equation
with small dissipative terms described by the second- and third-order derivatives.

Under a weak or moderate lateral flow, the apparent diffusion parameter becomes
negative, leading to instability, when the upper fluid is heavier (this is the condition
of Rayleigh–Taylor instability). Thus the Rayleigh–Taylor instability is shown to
be associated with the transformation of a diffusion equation into an anti-diffusion
equation. This result provides us with a tool to analyse gravitational instability in the
more complicated case of stratified flow.

The stable case of flow under a weak lateral flow velocity (weak lateral disturbance)
provides a good description of the oil–water or the gas–oil flow into a well in
petroleum reservoirs. The boundary-value problem of radial flow into a single well
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in a cylindrical reservoir is examined assuming the flow rates at the wellbore of each
fluid are known and are independent of one another. The analysis of the problem
indicates the existence of three modes of well functioning depending on the flow rate
ratio. When the ratio of the mean flow velocities is inversely proportional to the fluid
viscosities, the interface remains undisturbed. Otherwise, the interface undergoes a
very large and very rapid deformation in the vicinity of the well. Due to this, the
critical mode of flow is unstable. The analytical solution to the problem is obtained
using the disturbance method. These results give an estimation of the flow rate ratio
into the oil reservoir required to prevent the well being invaded by water.

The second example which can be described by the suggested model is that of
the free spreading of one liquid over another from the initial state of contact with a
vertical interface. It is shown that the heavier liquid propagates into the reservoir by
displacing the lighter liquid with an infinite velocity, if a thin initial layer of heavier
liquid was already present under the lighter fluid. The propagation of the lighter fluid
in the opposite direction has a finite velocity. This corresponds to a degeneration of
the equations obtained.

The case where the gravitational drainage time is quicker than the elastic wave
propagation time across the entire reservoir gives rise to another model of interface
deformation. This is represented by a nonlinear diffusion equation and is formally
close to the gravitational flow model under weak lateral pressure gradients. However,
the model parameters are different. This case is analysed in the same way, using
asymptotic methods.

Appendix
Let us demonstrate the validity of the assumption of a linear distribution of the

vertical velocity along z.
The original equations (2.1) can be written in the following equivalent dimensionless

form:

LIfI = − 1

3ε

∂2fI

∂z2
, LIIfII = − 1

3ε

∂2fII

∂z2
,

where fi(y1, y2, z) ≡ Φi/∆P , operators Li are defined in (4.2) and parameter ε is the
dimensionless stratum thickness.

Since ε is small, the zero term of the asymptotic expansion for functions fi does
not depend on z:

fi = fi0(y1, y2) + εfi1(y1, y2, z) + ε2 . . . , i = I, II.

Hence for the first approximation we obtain

∂2fi1
∂z2

= −3Lifi0,

where the right-hand side does not depend on z. This is an ordinary differential
equation with respect to function fi1(z) which has a simple solution:

fi1 = − 3
2
(Lifi0)z

2 + Ci
1(y1, y2)z + Ci

2(y1, y2),

Ci
1 and Ci

2 being the integration constants. Thus in the first approximation the pressure
is quadratic while the vertical flow velocity viz = ∂fi/∂z is linear along z.

Note that vertical velocity can be considered as linear along z for a thin stratum
only. For strata of greater thicknesses, other nonlinear distributions can be obtained.
This explains the diversity of data which may be found in the literature.
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